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ABSTRACT 


The work of analytic topologists, such as Whyburn, has 
shown that under certain conditions a mapping may be factored into 
the composition of a monotone mapping followed by a light mapping. 

A monotone mapping is one for which the point inverses are continua. 
A light mapping is a mapping for which the point inverses are totally 
disconnected sets. This factorization can also be accomplished under 
more restrictive conditions in the categories of differential and 
analytic manifolds with differential and analytic maps respectively. 

In this thesis, monotone real valued analytic mappings on 
surfaces are studied, and classification theorems are developed for 
such mappings on the sphere, torus and projective plane. It is shown 
that there exist exactly two topologically distinct monotone real 
valued analytic mappings on the sphere. On the torus, there are shown 
to be at most nine such mappings, and exactly four on the projective 


plane. 
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CHAPTER I 


INTRODUCTION 


The notion of monotonicity of maps between topological spaces 
is a generalization of the concept of monotonicity for functions from 
the real numbers to themselves. Let X and Y be spaces. A mapping, 
Pee Cll et OF A eeecuiche tiatetonval len xee ec. Pate) is compact 
and connected is said to be monotone. The concept in this form is due 
to Morrey [13]. 

It has been shown possible to classify the images of certain 
classes of spaces under monotone mappings. An example of this is the 
classification of such images for surfaces without boundary. Such 
classification theorems for monotone mappings are relevant to the study 
of mappings of a more general nature. As will be shown in the next 
chapter, a mapping, under certain conditions, can be factored as 2% om, 
where m is a monotone mapping and 2 is a light mapping (i.e., the 
inverse image of every value of 2% is totally disconnected). 

We will limit our study of monotone mappings to those which 
are real valued analytic mappings on analytic surfaces. In particular, 
the sphere gas the torus r, and the projective plane po. defined 
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; ? BL 
will be considered. The space P is homeomorphic to a disc wrapped 
twice along its boundary around a circle. Let p* be a closed disc 
2 
and 39D its boundary. Let Su be a circle disjoint from if, and 
2; 1 . us dl 
Tet Bert opie S be a two fold wrapping of 3D around S . Then 
D US So =aDe U st yx ~ g(x) is homeomorphic to p? 


Examples of Monotone Mappings on sar oo T 


1. Let X be a compact connected space, and c a real number. Let 


E(XA=1 Cc. 
; Z 
Zee Gi nemn owe a IRw Dye xe v2) =, x 


ee Le Uemcs Pp? > IR be the function induced by the quotient map 
2 2 ‘ 2 : nee 
aie Se Saye andy thessunctions e:8o. > Ike deninedmby, ees.) +2). =acee 


Ane Le Geet: ae TR be induced as above by g(x,y,z) = xz. 


5. Parameterize T as (8,¢), where (6,6) corresponds to 
os : 
(cos) 0; sin @, cos ¢, Sin, ¢) << R‘. Let.) lee) IRV ber detined by 


T(On0)e= (1 + sine). (1 + sino). 


6. Define f: r + IR by £(6,6) = cos 6(1 + sin 9). 


Dates eLetme. ek) a sand Vee DestopOlogi calespaces. male tama. 
be a mapping from X to X', and g a mapping from Y to Yee be 
mapping f is said to be topologically equivalent to g if there 
exist two homeomorphisms a: X > Y, and 8: X' + Y' such that 
wor bos too8l. 

The homeomorphisms, a and 68, "carry" this topological 


equivalence across from one mapping to the other. 
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It will be shown in Chapter 6 that there are exactly two 


topologically distinct real valued analytic monotone functions on Sar 


Z 


2 
On” P 5 it will be shown that there are exactly four, and on TT’, 


at most nine. 


Remark. It should be noted that analyticity cannot be replaced by 
differentiability in the classification stated above. The analytic 


functions cannot be constant on an open set without being constant 


everywhere. However, if f: Sa > IR is defined piecewise by 


f£(x,y,z) = exp (- A (eee SG OP einel, TAO ey) SO) akeye Se Os 
x 
then f is indefinitely differentiable at all points in S 
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CHAPTER II 


MONOTONE FUNCTIONS AND FACTORIZATION 


Note. In this chapter, all spaces introduced will be metric spaces. 


[eeaoyen Panek Let f£ be a mapping of X onto Y, where X is compact. 
Then f is monotone if and only if Lu is connected for every 


CoOmNaxciac! Gaie A ES Ve. 


Pf. It is immediate that if Fa CAY is connected for every 
connected set A, then f is monotone. 
Suppose f£ is monotone, and A is connected in Y. Suppose, 


Uw, Ss cardisconnectt_ on of an Then for 


alsons that. ee) 
each pe A, f£ (p) is contained in U or in V_ because it is 
connected. It follows that f(U) and f(V) are disjoint. Because 
£(U) u £(V) cannot be a separation of A, there must exist a point 
weeinmetther sf (Ujge- ones. (Vv) s "say get(U)i whicheicethell imi corsa 
sequence of points (y,) in £0) . gChoose (x5); a sequence in V 
such that £(x,) mY: Because X is compact, (x, ) must have an 
accumulation point, x. ‘Then, f(x) = y which implies that)@x7< U, 


which cannot be. Therefore Peach must be connected. [ 


Lemma 2.2 Let X be separable, and let D be an upper semicontinuous 
decomposition of X into compact sets. If X/D is the decomposition 
space of X, then X/D is a separable metric space. 


Pf. Whyburn ([23], pp. 123-125). O 
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Det.w2,0 8 Let (A,) be a sequence of sets in a space xX. Let 

lim sup (A,) be the set of all x « X for which every neighborhood of 
x meets infinitely many sets A,- Let lim inf (A,) be the set of all 
x € X for which every neighborhood of x meets all but a finite 
number of the sets A,- fo lineint (A,) = lim sup (A,), then the 
limit of the sequence, lim (A,) = lim sup (A,) = lim inf (A,), is 


Saldmbome xi site 


Lemma 2.4 Let (A,) be a sequence of connected sets in a compact 


Space. Suppose lim (A, ) exists. Then lim (A, ) is connected. 
PegewiyDurne( (23 spp L4—=15) ee 


Lemma 2.5 Let (A,) be a sequence of sets in a space. Then there 


exists a subsequence of (A, ) which has) a limite: 
Bree Whyburn Cl Zo epp ee) 


Lemma 2.6 Let X and Y be compact spaces, and let f be a mapping 
Ola Keer On Comm sem EP ODee AClmny aCurl semE Le L B be the decomposition of 


Ei (ys into its components." [hen D-= vex a, is an upper semi- 


continuous decomposition of X. 


Pf. Suppose D is not upper semicontinuous. Then there exists 
anseAbice Dy, andea set =U, “Sopen in X such that) “Aca wand tor 
every open set V, where ACVCU, there exists some set Brea D 
such that VnB# $6 and Bo (X-U) # $. 
Let Ve be the set of all x e¢«X closer than = to A, 
where (uplisiavpositive integer. Because A is compact, for subticiently. 


large i, V, ¢ U. Assume without loss of generality that this is true 
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for all i. Then for each i, there exists a set Be € D such that 
vA n Be # > and Bs nN (X-U) # 6. By Lemma 2.5, it can be assumed 
without loss of generality that lim @,) =tL?Gexists yeeLetwmet (A)B—ay 


> 


and £(B,) say” Because A fn lim inf (B.) #¢ , it follows that 


(y,) convergeswtomays inisYemalhis implies that @Lec fit 


(y). However, 
by Lemma 2.4, L must be connected, and therefore Lc A. However, 
this contradicts the fact that Be n (X-U) # > for all i, because 


foe} 
wey Be n (X-U) must have an accumulation point, since X is compact. 


Therefore D is upper semicontinuous. 0 


EOD L Let X and Y be compact spaces, and suppose f isa 
mapping of XK onto Y. Then there exist a metric space, Z, a mono- 
EOucamapping ea) OL) X 9 vonto! ©7275 a lisht»mapping sh, ot 2) ontoe 


Sucnethdtear— No os @rhas factorization of 219. unLaue. 


Pio Lets Dy be the: decomosi tiongot? |X intoethe components for 
sets of the form enleas y € Y.) lt follows from Lemmal2.6 that D 
is upper semicontinous. Then Lemma 2.2 implies that the decomposition 
space of X, X/D is a metric space. Let Z Be X/D, and let g 
be the quotient map from X to Z. It is immediate that g is 
monotone. 

De tiem 4a ey Dy eee Lac fae. To see that h is 
continuous, consider a sequence of points (z,) converging to z in 
Le then Lim sup g *(z,) c Suen Therefore, all except a finite 
number of the sets g *(z,) are in an arbitrary neighborhood of 
eye Thus f o ge (z,) = h(z,) converges to f ° uae) = h(z). 


This implies that h is continuous. 
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The mapping, h, is also light. Let K be any component 
; sil 
TO Le (yar ye CMY ee be case g is monotone, it follows that 


g (K) is connected, and therefore K must be a single component of 
ak 
Payee lhusm kee is agpointein 9Z- 

We now prove uniqueness. Suppose f = q °p is another such 


factorization of f, where p(X) =W, and q(W) = Y. Let we W. 


é : ih 
Since p is monotone, p (w) is connected. If y = q(w) then 


Bee Gr) ee pat Sega me relay 


This implies that ee is contained in some component K_ of PRES). 


Also, p(K) is connected and contained in eS which is totally 
disconnected. Therefore p(K) = w, which implies that oC) = kK, 


From this it follows that W is homeomorphic to Z_ so that 


ah 


commutes. [J 


If an additional assumption of differentiability is imposed 
upon mappings between spaces, it is not in general possible to factor 
them by. means of differentiable mappings. Nor is it even possible to 


ensure that’ the intermediate space, Z, of Prop. Pelee ra? ditrerentoa. 


manifold. However, if more conditions are imposed upon f, such a 


factorization is possible. 
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compactness under inverse images. Let } (£) be wtheecri tical. seteor 


fee feed } (£) sn-2, and dim £() Cf) S p-3, then there is a 


factorization st — io 2 sucht that 


Gia es Menu a ia) aur Cu monotone map onto the c” manifold 


KP and 


(GEO ae KP +nP is a k-to-l diffeo-covering map. 
In addition the factorization is unique (replacing homeomorphism 
by Cal diffeomorphism in the definition of topological equivalence). 


The condition C” can be replaced by oi or real analytic. 


Pe. Church and Timourian [3]. QO 


CHAPTER III 


ANALYTIC MANIFOLDS, MAPPINGS AND VARIETIES 


Deters ob Weve a denote the half plane {(x).-.-5%,) e IR’: x 200n, 


ih 
A topological space M is said to be an n dimensional (topological) 
manifold with boundary if it is separable, and if for every xe M 

there is some open neighborhood U of x such that U is homeomorphic 
to R° or ne The set of all x ¢M where every such neighborhood 
U is homeomorphic to HH” is denoted by 93M, and is called the 
boundary of M. The set of points M-dM is denoted by Int M, and 


1@ @aelliea ne imesieioie @E Wi, 


Convention. Whenever a manifold M is written with a superscript as 

M’, it is understood that the manifold is n dimensional. A manifold 
without boundary will be a manifold for which the boundary is the empty 
set. Henceforth, a manifold will be a manifold with or without boundary 


unless otherwise specified. 


Dele mo ee Amrunc Clone alas (£,.£,5--->f,) defined on an open set 
——— m 


Qc R" and mapping into R" is said to be (real) analytic, or 

Cals at xe if there is some open set U in & containing x 
such that each f can be written as a converging power series around 
x in U. If f£ is analytic at every point of ®& it is said to be 
analyte; in © (js 


A function f£ defined on an open set 2 of UH to IR 


is said to be analytic at xe 2 if there is some open set Uy 
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a4 m 
containing x in IR, and an open set U containing x in 8, and 


: n 
Sel uncclonmer U, > R- samalytic at x such that £'|U, nN U = £lU,9 Us 


Deaton Let M be an n_ dimensional topological manifold. Let A 
bewascollection of pairs” (U5¢),> "where the sets U “form an open 
covering of M, and 9» is a homeomorphism of U_ onto an open set of 
TR or ie The collection®*A is said™to be an™(analytic) atlas von 
Nerittor all (U, $4) and (U, > $5) of -A~ such that U, 1 U, # ; 
) ° SD and on ° $5 1¢, (U,) are analytic mappings on 
,(U,) and >, (U,) respectively. An analytic attas= Aeon Melis 
said to be saturated if there does not exist an analytic atlas A' on 
Maewhtcliastriccly contains “A (i.e, A “is "a maximal, atlas on 9). 


The manifold M, together with an analytic saturated atlas 


on it is called an analytic manifold. 


Remark. If the analyticity is replaced by differentiability in the 
previous definition, M is called a differential manifold. 

bet) oxee Man A pair. (U. 0), (of Al suchithaw xe) Us isucalied 
a chart around x. 

Note that if an atlas can be found on a manifold, Zorn's 
Lemma ensures that a maximal atlas, or a saturated atlas, can be found. 
Therefore Euclidean space R is an analytic (and differential) mani- 
fold. Let A= (GR i) » where i is the identity mapping on Thee 
Then A is an atlas on TR” inducing the canonical analytic (differ- 
ential) structure on Rise Similarly, HH” is also an analytic (dif- 


ferential) manifold. 
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Def. 3.4 A subset N of a topological manifold M will be called 


a submanifold of M if it is a topological manifold under the inherited 


topology from M. 


Defstoe5 Let M and N be analytic manifolds. A mapping f: M>N 
is said to be analytic at x eM if there is some chart (U,>) in M 
around x and some chart (V,y) in N around f(x) such that 
eae On Cero, s+ 1ocu) is analytic. 

The mapping f is said to be differentiable if analyticity 


is replaced by differentiability in the above definition. 


Bropemsed Let Ms NeManda,Pesbesmanifoldsey fapandiecapanalytie 
LUnCELONSmETOMeaMs |COMMUR, aueand hy and h, analytic functions from 


MentoseNeeand NeetomaPs respectivelyceamihen @& ther) for and he ° hy 


are analytic functions. 


Pf. See Dieudonné ([4]; Vol. III, p. 13). U 


Deltas . 7, Let) M besan analytic manifold... A sete, V ¢%M vis)called 
an analytic variety in M if, for every x<¢«M there exists some 
open set () containing x such that V nO = {y « 0: £, (y) = £,(y5) 
ee ERY) = 0} for some analytic functions fyosesof: O> R. 
Remark. Suppose M and N are analytic manifolds, and f is an 
analytic function from M to N. Then for all MyneaNs ee. is an 
analytic variety in M. To prove this, let CV one Dp Guaech acta tammy 
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such that y(y) = 0. Then if yo £)| feng Vaz (8) 5899+++98,); 
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fate) n f+ ¢y) = {xe f(V): B,(*) = Bo (x) CS g(x) = 0}. 
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The following properties of analytic varieties can be shown: 


Propet. o (i) In every variety V there is some variety Wc Y, which 
is closed and nowhere dense in V such that for all xe V-W, V-W is 
locally homeomorphic at x to chee for some n depending on x. 
(If n is independent of x and V-W is an n dimensional manifold, 
then V is said to be n dimensional.) 
(ii) Finite unions of analytic varieties are analytic varieties 
Arbitrary intersections of analytic varieties are analytic varieties. 
(iii) An analytic variety in a manifold without boundary is 
locally homeomorphic to the cone of a polyhedron with even Euler 
chanacteri istic. Insother words if JViois an sanalyticavariety and 
x € V, then there exists some neighborhood N of x in V anda 
polyhedron w.beisuch that. N isi homeomorphicetom CC) ga Peo (Cra) (ye je 


(iv) An analytic variety can be triangulated locally finitely. 


Pre elhnesproor of (1) can pe found insWhitney | 22 soulli vans! 20) 
proves (iii), and the proof of (iv) can be found in Lojasiewicz [11]. 


HOmrCt1 ea et av and V, be two analytic M varieties in 


fe 2 

an analytic manifold M. Let x eM. Choose an open set QO containing 
ine eesuch | that V5 0/0 = ise 2 16 f(y) =... = fy) =" 0 ae and 

V, i Te) = Re vole SA. IR B,(y) = 0} for some real valued analytic 
functions fooceeot and Bi2-- +28): Then (Vv, U V,) Nnd@=fyeQ: 

2 Z 2 2 2 2 A 
ct aa tie tants = 0}. Therefore V, UV 
OT ne ae are ae f) (8, + 8 8) Y) 1 9 


isan ‘analytic variety.) iIn-addition (Vv, n V.) ARO =r ive: tO: f(y) 


=. 9Rt= fey) = g, (y) =o. we g = 0}. 


Narasimhan ([15]; p. 27) shows that analytic varieties in a 


manifold obey a descending chain condition. If Vy =) Vy =) V, See Ss 
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The entire procedure can be repeated only a finite number of 
times, so that V = Cc, Wk pes eselil Cc. is a union of circles satisfying the 


conditions of the lemma. @ 


CHAPTER IV 


COMPLETE REGULARITY AND 0-REGULARITY 


Note: On a metric space X, the open ball of radius ¢ around a point 
x € X will be denoted by B(x,¢). The closed ball of radius ¢ 


around x will be denoted by B(x,¢). 


Def ie 4. 1 Let X and Y be metric spaces. An onto mapping f£: X > Y 
is said to be proper if for every compact set Koc Y, fa (Ke ots 
compact. 

A proper open mapping of X onto Y is said to be (homo- 
cop lcablyju0—-reculariat a point xvey.X suit forsall yc > 70 there exists 
ae 0 such ethiatwrorea Wy fy, apmaeand. ape) where vac mmond MED. 
p" é eu) n B(x,6), p and p' are in the same arc-component (arc- 
wise connected component) of ES nm BCx,e) 9 [Tf “fe is O-regular at 


every x eé«X, f is said to be Q-regular on X. 


Deh. a4 2 fet <@ and) 1G sbea metric wpaces. fAamappingmatces ses 

Gal ledicompletelysregularsif fortall., veeay geandsfor alleges 30. there 
exists a 6 > 0 such that there is a homeomorphism from aes to 

ts with the property that the distance between any point of a) 
and its image is less than ©€ for any y' e€ Y for which the distance 


between y and y' is less than 6. (Such a homeomorphism is called 


an e-homeomorphism. ) 


Lemma 4.3 Let X and Y be metric spaces with metrics dj. and d, 


respectively. Let f: X > Y be onto. 
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(a) If f£ is proper then for all y «€ Y and ¢€ > 0, there exists 
am oe Ouesuch that if 'xe< X “and d, (y£(x)) = on ethen 
a(f*().x) <e. 


(b) If f is open for all y¢Y and ¢ > 0 there exists a 6 > 0 


such that if f(x) =y, and d,(y,y') < 6, then dj(x,f (y')) <e. 


Pf. (a) Suppose y «Y and e > 0, and there exists a sequence 
of points (x,) suchetnae (£(x,)) ty Bin sYessand a (67) 4x) Le 
forealia Ceeethewce C {£(x,) f(x) ,...4 Uys ©. is compact in VY and 
therefore al 2 mee U Paty) is®compac tein xX (since teas 


co 


proper). Thus the set tx, J has “2 cluster™point §. ain (uy £(x,)] 

oT a 
U £ (y). ‘Then. £(c)4= y “which implies that’ ce £ DG) contradicting 
the fact that dy (£7 (y) 6x,) pote OMCor sal aie 


(b)\) Suppose’ there’is some  y «)Y and™™e >"O "such Chat for 


all.6 > 0 ‘there™issaseme* x a ©) and @yime Y “Satisfying 
' = 
d,(ysy Je 50 and d, (x, f CAI) 2 © 


Then there exists a sequence (y,) > y and a sequence (x,) itty) 
such that d, (x5 eae) Pwew. Because Gy) ise compact... ex.) 
has a cluster point c. Let Q be an open set of X containing c 

and disjoint from each Bales Then y ¢« £(0) but hy i 0) eR LOD 


any i. Therefore f£(0) is not open, which is a contradiction. U 


The concepts of complete regularity and O-regularity can be 


connected by the following proposition: 


Prov. 4.4 Let X and Y be metric spaces. Suppose £: X+Y isa 


me , . 
Q-regular mapping such that for all ye Niuee tay) iS eaec irc lenmmien 


Prope x bacaeal Tet cs 

hiret 
4 oe 
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| a trea . 
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f is completely regular. 


Rie Let X and Y have metrices d, and d,, respectively. 


Assume f is O-regular. Then given ye Y and e€ > 0, for all 

x € f “(y) there exists a Ke ee0.) suchatharitt Soeeandeequmsirenin 

fag") n B(x, 7) > then p and q are in the same arc component of 

fue (8) n B(x,e/2). By choosing ve sufficiently small for each x, 
can be chosen equal to Ne LOY, #2, (sutficientlys closecstomsxueiu 


204 | = 
f (y). Therefore, because f eS is compact, a y can be chosen 


SOmtCnatwLlobral | axe GS) ite. paalid eC emareni 1 roe WB Gye 
then p and q are in the same arc component of FE) ALB (xvey 2) 
Let K be a triangulation of f= hy) of mesh smaller than 
y/2. By Lemma 4.3 there exists some § > 0 such ath if d,(y' sy) < 6 
and x € aCe then dy (xf "(y")) < oie Choose any such y'. 
For each of the finite set of points of the O-skeleton of K, 


Sayeec muchoosesafdistinct point 6) ) Or 7 es(y )arcuchmthat dj (e,e') 


ae 
7 


The points, e', induce a triangulation of Peal, Cyaan 


< 
form its O-skeleton. Thus there is a 1-1 correspondence between the 
simplices of K and L. Extend the mapping of the O-skeleton of K 
to L to a homeomorphism of Eaety) to. ty aly) that carriessoimpideecs 
to simplices. Call this mapping g. 

The homeomorphism g, is an €-homeomorphism, for if Qe) is 
in the 0-skeleton of K, and is the end point of a 1-simplex (whose 
other end point is e,)> then £(e,) and f(e,) are in 
PO a B(e,.¥) > and therefore the simplex g(o) is in B(e,,€/2), 


as is o. Thus g: a + g(c) must be an e-homeomorphism, which implies 


thatese: oes > Ek is an e-homeomorphism. UJ 
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Def. 4.5 Let X be a metric space. The (Lebesgue) covering dimension 


of X, dim xX is defined as follows: 


Ci)aedi mes 


clk akigd = 5 CLM] 


Gia )er dimes 


JA 


n if whenever U is a finite open cover of X, 
there exists some open refinement V of U covering X such that 


the maximum number of sets of V meeting each other at a point is at 


MOS iwarll. 


One says that dim X =n whenever dim X<n and it is not 
Etescasceciiate dim Aes 1-1, “lf mime’ 7 ne itor alluins= 1s 0, eee 


-- , then one says that dim X =o (i.e., X is infinite dimensional). 


Remark Wagata ([14]; p. 97) shows that the covering dimension of 


any topological n-dimensional manifold is n. 


ELOpa 4. 0 Let X be a complete metric space, and Y a metric space 
with finite covering dimension. Suppose f: X > Y is a completely 
regular mapping, and each point inverse of f is homeomorphic to a 
compact space M. Then f: X*Y is locally CELVi alee ee ome S 


separable, locally compact, and contractible, then f is trivial. 


Pf. Dyer and Hamstrom [5] proved this proposition (for all n) 
under the assumption that dim Y ¢ n+l and that the space of homeo- 
morphisms of M to itself, H(M), with the compact-open topology is 
locally n-connected. Cernavskii [2] showed that H(M) is lecally 
n-connected when M is compact by proving that H(M) is locally 


contractible. 
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Steenrod ([19]; p. 53) shows that a locally trivial mapping 


Pe ee eetcetrivialiwhen \Y as locally compact, separable and con- 


tractible,. [| 


CHAPTER V 


THE TRIANGULATION AND CLASSIFICATION OF SURFACES 


Def. 5.1 A compact, connected two-dimensional topological manifold 


with boundary will be called a surface. 


Note: Henceforth, a closed arc in a space will be a homeomorph of the 


closed interval [0,1] c IR. An open arc will be a homeomorph of 


the open interval (0,1) c R. Unless specified an arc will be closed. 


Prope 2 (Schoenflies Theorem) Let C be a circle in the sphere 
) Then there exists a homeomorphism h: aa > 5? such that 


nCG a= gt =a (sayy az Jere = zi=40}.. Also. no are.os 5? disconnects 5? 


Eee See Moise ([12]; pp. 65-70). 


Cay 
Det... 3 Let Me pDewaesuriace..) An Openacece sehecall is called a 
: - Lae 
Jordan, region if ts closure in vu? is homeomorphic to the disc D eer 


‘ — Z 
such a way that the boundary of R in M is mapped onto oD. 


Remark It is immediate from the Schoenflies Theorem that for any 
eircle Cin 2, Seale is the union of two distinct Jordan regions. 


ps 
ik Cmel Sad Ore lee Ln R’, then the bounded component of IR -C must 


also be a Jordan region in ce. because the one point compactification 
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A cross cut of J is the interior of an arc in the closure of J such 
that the end pointsof the arc, and only the end points, lie in the 


boundary Y. 


Lemma 5.5 Let J be a Jordan region in a surface. If the boundary 
Ole J einatne surface is ¥, and 0° 1s aecrosaecut ol. =tnens)o 
divides J into two Jordan regions. The boundary of each Jordan 


region is 0, together with an arc of y joining the end points of oa. 


Pie Let the two arcs of y joining the end points of o7 be 


i and Yo: Then V4 Uo and Yy UG are two circles which must, 


HL 


by Prop. 5.2, enclose Jordan regions J, and Jo. Because some boundary 


points of Jy are’in J and no boundary point of J. 1s) in Jy ants 


follows that Jy GrJnee 5S Sim lary. J, c J. The boundaries of J and 


J, are not identical and neither Jordan region has a boundary point in 
the other region. Therefore they are disjoint. 
To see that J-o is no more than the union of the two dis- 


joint regions J and J identify the points of y. In the quotient 


1 Ze 
topology, the closure of J becomes a sphere and o (with its boundary 


points) becomes a circle. Then Prop. 5.2 implies that J-o must be 


the two Jordan regions J, and J,. O 


In this chapter, the Schoenflies Theorem will be used to show 
2 
that if C is any circle in a surface without boundary, M , then there 


is a triangulation of ae such that’ C is triangulated as a subpoly- 


hedron of Mae The proof of this is drawn from Ahlfors and Syahertes HER [is 


The first step towards the proof of this result is the follow- 


ing lemma. 
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Lemma 5.6 Let U be a finite covering of a surface without boundary, 
2 , 
M , such that every set of U is a Jordan region and such that the 
intersection of the boundaries of any two regions of U is a finite 
set of arcs and points. Suppose furthermore that C is a circle in 
2. ; F 
M such that the intersection of C anda boundary of any region of 
U is also a finite set of arcs and points. In addition, assume C is 
; F ‘ 2 
not contained in any region of USS ThenseM may be triangulated so 


that C is a subpolyhedron of Ma. 


Pe. Let U be the finite covering {J,: foe) 1852 BRASH} 


Assume without loss of generality that it is not the case that J; e oe 


EORar ie). etl orceach J,, let y, be its boundary in xe 

Suppose there is some ie wae ore Then since Jy cs snot} con= 
tained in _ Yq must enclose a Jordan region in te that is com- 
plementary to J;- This implies that te is@asspheresetlrop see 


implies that 2 may be triangulated so that C is a subpolyhedron 


of Maa 


Assume that there is no i ac ses Lemma 5.5 implies that 


ue - (Yy Ly BREU By FU C) is a finite pairwise disjoint union of Jordan 


regions. Let the region J; be divided up by cross cuts into regions 


a Jeno lnaddi tion, seach V5 (and C) is divided by cross 


gai ee OE 


cuts into arcs tice (and Gi): Each Jax has a boundary composed of 


unos) Of Silich fares. 


To triangulate ne define a complex K whose Q-skeleton is 
the end points of the arcs Yay and foe together with an interior 


point of each y,., C, and each region J,,. Join each such interior 
ig a 
Doig. weet. Jey to the o-skeleton points on the boundary of Jk 


by means of arcs which are pairwise disjoint except at a. These arcs 
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divide sik into Jordan regions whose boundaries are formed by three 
arcs meeting at the points of the Q-skeleton. Thus the l-simplices and 


the 2-simplices are induced naturally from the arcs and regions. 


Lemma 5.7 Let E be the union of a finite number of circles in a 
2 

surface M. Let O be a connected open set in nae Then any two 

points of OQ may be connected by an arc whose intersection with E 


is the union of a finite number of arcs and points. 


PE Choosesany) picl0e alet H, be the set of all points in 
which can be joined to p_ by the conditions of the lemma above. It 
Wililegtirst*be shownrthatt O issopen. 7:Suppose 'p gis not in) E.seThen 
there is some open connected set around p that is disjoint from E. 
Then this open set is contained in ie Suppose p is in E. Choose 
an open set of Q around p which intersects only those circles of E 
to which p belongs. Suppose q is an element of this open set. 
There existseansarcihy edoiming eq eto #p.pinti0s eLet) Grobe thesfirste 
point where y meets E in passing from q to p. Define a new arc 
Yiemwhichatraveils along ywafrom*hqy toatC Vand thengtravelsealong@an 


arc of E until it meets p. Then y' intersects E in a single 


ake. 


It follows that ns is open. However the relation between 
points of being joined by an arc meeting E in a finite number of points 
and arcs is an equivalence relation. Thus Q is divided into open 
equivalence class by this method. Because Q is connected, one of these 


classes must be all of (Q. Therefore Ha aoe. () 
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2 
Prop. 5.8 Let M be a surface without boundary, and C a circle in 


je . 
M. Then there exists a triangulation of wu? such that C is a sub- 


polyhedron of van 


bis By Lemma 5.6, it suffices to show that there exists an open 
2 ; 
cover of M by Jordan regions such that the intersection of their 
boundaries with each other, or with C is a finite union of points 


andwarcs. 


Note first that the Jordan regions form a basis for the topology 
of Mee Therefore two finite sets of Jordan regions Vee and ie 
can be chosen so that Te, c We and et covers Ne, Choose a suf- 
ficiently fine cover that C is not contained in any we The Jordan 


regions described in Lemma 5.6 will be defined inductively. Let J, = V,. 


Suppose Jyseeead 3 are defined. Represent ue as a closed disc such 


that its centre lies in ve (= Wa Choose two points on distinct radii 


of Wo so that p and q are not in C and the boundaries of Jyorees 


J I? and so that the segments of the respective radii from p and q 


to the boundary of Wo are disjoint from v: Extend these segments 


toward the centre of Ws until they meet ves and call these extend 


segments Zo and ae respectively. 


The methods of Lemma 5.5 show that oh and as divided 


W -V into two Jordan regions A and B. In each of A and B, 
n n 


1Oin sp atid! q aby cross cuts Ty and To respectively, so that os) 
and To meet C and the boundaries of Jae ie ay in a finite number 


of arcs and points (Lemma 5.7). Then tT, UT, is a circle enclosing 


Vein alJordan region J. fl 
n n 


The following results will also be used in the next chapter: 
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2 
Lemma 5.9 Let A’ be an annulus with boundary. Let & be an arc 
‘ 15 Dae : yd 
in A joined at each end to different boundary components of A and 
contained everywhere else in the interior of me, Then ae - (Lu 3A°) 


is an open disc. 


: 2 2 
ree Form a quotient space of A, A /~, by identifying any two 


: ; a 
points in the same compoent of 9A. Then nee is a homeomorph of the 


2 
Sphere S . The arc 2% becomes an arc 2%’ in co Theorem 5.2 implies 


2 . 
Enaee Ag/~"— € is an open dise., ‘But oye - 2' is homeomorphic to 


eC - (2 yu ways O 


Dery oO Let Vea and ne be surfaces with boundary. Let dy and 


hy be two closed arcs in aM and ano respectively. Let £: dy =o ho 
be a homeomorphism. Then We Ue Ne is called a connected sum of ue 
and no 


Dees 5. it Let we and Na be surfaces without boundary. Let J and 


Z ; 2 
J, be Jordan regions in te and N respectively, Then  M —J ~ “and 
e 


N J, are manifolds whose boundaries are circles. Let f be a home- 
2 ’ 
omorphism from a(M-J,) to a(M-J,) Then Or-3,) Ue (N -J,) is 


D 
called a connected sum of M Zinel IN” 


Z 
BOD uc Let fe be a surface. If M has no boundary, then 
Za 
M is one of 


(a) 


sphere 


ev) 


(b) a finite connected sum of tori 


(c) a connected sum of projective planes. 


Lea: ene 
1 va has a non-empty boundary, then M is a finite con- 
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nected sum of annuli, Moebius bands and handles (tori, each with a 
Jordan region removed). In all cases above, each representation is 


unique. 


Die See Griffiths ([6]; pp. 58-61). 
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CHAPTER VI 


THE CLASSIFICATION OF REAL VALUED, MONOTONE, c” FUNCTIONS 


In this chapter, theorems will be developed to describe the 
W : 2 2 2 
real valued, monotone, C functions on S Seak anda up to topo- 


logical equivalence. 


Lemma 6.1 Let V be a compact 1-dimensional variety. Then there is 


a finite set WcecV_ such that V-W is an analytic manifold. 


Ae By Prop. 3.8 (i) there is some compact analytic variety W 
such that V-W is an analytic manifold, and W is nowhere dense in 
Vee ay GOP wo .Ouciv We has yastinite triangulation »eand: theretore 


Mis tepesascinitessetsot.points.~» 


Prope «2 Let vee be a compact connected manifold with some compatible 
metric. Suppose f is a real valued c” function on iP say onto 
[a,b]. Suppose, also, that eats U fa) contains aM andschat 
fC yp wis ABCLYCLastOr sevenys fyele (a,b). Then f£ is completely regular 


on eC SE 


Pf. It will first be shown that f£ is O-regular on Sle) 
It is clear that f is proper. Suppose J isa Jordan region in 
eee): Then for every y « f(J), ees must disconnect J. 
Thus, by Prop. 2.1, y is not an extremum of the interval” £W). So 
£(J) is open. This implies that the mapping f is open on recat 


Because O-regularity at a point is a local property, and is 
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not a metric property, it can be assumed that Int 2 is mR? to prove 
O-regularity. Suppose x € Int a = mon Let F = Pee E COR It is pos- 
sible to choose ¢€ arbitrarily small such that 9B(x,e) is transversal to 
the variety F (which is an analytic manifold in a deleted neighborhood 
of x by Lemma 6.1). See Guillemin and Pollack ([7]; pp. 68-69) for this 
result about transversality. Because F n 3B(x,e) is a nowhere dense com- 
pact polyhedron in dB(x,e) it must be a finite set of points, by Prop. 
3.8 (iv). The transversality of 3B(x,e) and F implies that the number 
of points in their intersection is twice the number of components of 
F n B(x,e). For surticiently smald See-t0." famisenot contained imme (x,6). 
and therefore the component of Fon B(x,€) containing =x, Fs isvanrarc 
which meets 9dB(x,e) only at its end points, a and b. Because 0B(x,¢) 
and °F are transversal at a and b, at each small arcs it and i 
can be chosen as neighborhoods of a and b and transversal to F. 

Let rs and t, be analytic homeomorphisms on [-1,1] onto 


i and Yh respectively, such that r (0) =a and x, (0) =b. 


Because f or Neieh) fe. Chai are analytic functions, they can fold 
a 


b 
(i.e., have relative maxima and minima) at only a finite set of points 
Jom lesen iheretore = 1 can sold only atealtinitesetyor pointsein 
1, and Yb: Choose te and Yh sufficiently small that a and b 
are the only possible points in these arcs at which f folds. If f 
did fold at a or b, then F would not disconnect Mae This cannot 
beswand theretore 9f, restricted to eacheane. Ne and vee Loua 
homeomorphism. Choose aes and Yb such that BGC? = f(y,)- 

Let T= B(x,e) nf f(x) and S$ = [Tn aB(x, )] - (¥, Uy). 


Let the distance between F.. and S be &> 0. Let A_ be the minimum 


of the distances between es and the other components of Fn B(x,e). 
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By Lemma 4.3 (a), for Y, and Y, sufficiently small, the distance 
between any point of [ and FN B(x,e) will be less than 8 = min 4,2). 
Let P be the component of some such preimage fiber F' n B(x,¢€) which 
meets ‘YB For each component of Fn B(x,€), the set of points of P 
closer than 8 to that component is open in P. Because P is con- 
nected, it follows: that one such set is all of P. However, this set 

must be close to F.. ist ne is sufficiently small. This implies that 

P contains no point of S, and therefore must be attached at its other 
end to Vp: The set of such fiber components P meeting bie See 
neighborhood of x, and therefore contains some ball B(x,4). Thus 


O-regularity holds at x. 


Complete regularity now follows from Prop. 4.4. 0 


Props 0% 3 Let p* be a closed disc. Suppose that there exists a 
finite set Wc 3° such that DREW ismanwanaly tive mand folder Le ter £ 
Ww 


, 2 ; 
be a monotone real valued function on D Seen cage = as © on 


: 2 " 
ese and f takes an extreme value precisely on 90D. Then f is 


A 2 2 
topologically equivalent to the function o(xyy)) sexe y on 
2 2 2 
Be =a (x,9) 2) IR Gaxc et yaw <i} 
; Z 
Pir Assume without loss of generality that f(D) = [0,1], and 


ayy = 9D. Suppose y « (051) © chen fa) disconnects p° into 
two components. The set OG) cannot contain an open set that is 
homeomorphic to mR? because it would then contain an open set of ne 
This would imply that f£ is constant on De which is not the case. 


LG f(y) were a’ connected O-dimensionalsvarietys Prop.mo. omy) 


would imply that it is a single point, which could not disconnect D. 
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Thus, since Fw) is connected, Lemma 3.9 implies that it is a finite 
connected union of circles. However, if PES were a connected union 
of more than one circle, then by Prop. 5.2, ey) would disconnect 
D into more than two components. By Prop. 2.1, this cannot be, and 
therefore fae) ismamci rele 4 So eee penn Oeel'y} Bans Gebers 
collection=or nested circles. (As before, Fuad) cannot contain an 
open set homeomorphic to TR’, fist fa (0) were 1-dimensional, it would 
be a finite connected union of circles, and therefore a eC would 
be disconnected, which is not the case. Therefore alo) must be a 
DOT. 

The O-regularity of f on eee ay) fodlowseass! UA Eropeeoce 
On 3D°, a slight modification of the proof is required. For any 
tae sD, x has a deleted neighborhood in which 3D° is an analytic 
manifold. The proof of O-regularity carries through as in Prop. 6.2 
except that Te and Y, are chosen to be one sided neighborhoods of 
a and b respectively in odB{x,e). Complete regularity and triviality 
on or aa follow from Propositions 4.4 and 4.6. So £ must be 
topologically equivalent on re UID to the projection mapping 
T™,3 st medina, ]s) asics) e. Ihestraisi tivityeot sthesequivalence 
implies that £ is8equivaléntytoy g on eee and Ss (0,0) 


respectively. Therefore, there exist two homeomorphisms © and 8 


such that the diagram 
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Eten oy) = (0,0) and 8(0) =O. 
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2. 
two real valued functions on DY 


are topologically equivalent to 


is a homeomorphism from aD, to 


a homeomorphism a* from Dy 


8: IR-> R making 


commute. 


Bi. 


and 


a*(0,0) = (0,0) 


8 to be the identity 


and define 


be denoted by a. O 
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Pein. Let uM 
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neighborhood W_ such that w-M” 


To establish the equivalence of f 


be two discs, and let 


g: Be rome LS 


It can be assumed without loss of generality that 


be a submanifold of 
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, aia = 
each open in N- and such that the boundary of each in W is mM" - 
The manifold mw? 4 Pagers 

anifo is said to be locally two sided at xeM ef 
there exists an open neighborhood 0 of x such that mM@t nO as 
connected and two sided in QO. In this case, the closures of U and 


V in 0 are called one sided neighborhoods of x. 


Remark. Let ut be a submanifold of a manifold ne such that 
= ae ae 2 
Means oNee= oMe_ Pe ihensM is Slocallyetwomesidedaine Nae 
To see this, suppose x e Int he Choose a Jordan region 
JePCONnCaininge.x.eand let M.. be the component of ut n de containing 
See wove Lemma 5.54 My dividest@Jielintoatwo Jordaneresions. aainus wt 


: F aL : : : 
is two sided at x. Suppose x € 0M. Reduce this situation to the 


case where 7 = 1H and x = (0,0). Repeat the procedure above, 


Zee 


2 : 
Usingetherialfedisc =5r (x¥y )\ e (ill a: Exava RI Al Immeth isecaces 


Dee 
cee : 
Dy = ON is a Jordan region. 


Let ie be the Moebius band, and C the central circle of 
MepesAlthoughe Cleistlocallystwotsided gin Mae iteisinotetwo sided 
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with, twoecopies; (ps0) stand ¥(p;1)" ofmevery point™ p< Mi 
Define a topology on (n? cut wt) invthe fel lowingeiashionwes:. 
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sueallec= tae choose a neighborhood base at x for (N° cut M nb (ope 
PE pith Nee: 
neighborhoods of x in the topolosy off Ne=Ma.m if is a closed 
Lae . ; ane 
arc in nN’, then by Rushing f18), .M @a@iis twotisided=in SN Taechoose 
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Ole USVorm y= etrom Det. 665). ihe neighborhoods of points of the form 
(p,0) will be neighborhoods of pein Uo with points q €« ve replaced 
by points (q,0). The neighborhoods of (p,l) are defined similarly, 
using the neighborhood UL on the other side of ME ‘ips Ma is a 
circle, choose ce ee Then Ne - {c} is an arc which is two sided 
in ne as before. Neighborhoods of points (p,i), i= 0 or 1, 

pe vee {c} can be chosen as above. To define open neighborhoods of 
(c,0) and (c,1), choose a one sided neighborhood base at c. An 
open neighborhood of (c,0) will be a one sided open neighborhood A 
from this base, where p « ‘ie n A is replaced by (p,0) if 

(A n US) - wt has p as a boundary point. The point p is replaced 
oy (GID Sie OAT) U,) - wt has» =p. ease aupouncaryepo. Dp teenOces Cc .loe 
a one sided neighborhood B_ on the other side of vt is used instead 


Cleo. ee Lnems pace cn? cut ot) is a 2-dimensional manifold with 


boundary. 


Note. In the previous definition, suppose a point d « vo ApetLe Le. 
2 1 2 
is chosen instead of ce vas Let (N cut M Me be (N’ cut wt) 
2 iy 2 a ; 
defined using point c, and (N cut M da bes (Nectar Me) fusing 


° : ae 
point d. There is a homeomorphism of the two copies of M in 


Ca" cut M) onto the two copies of ie in (n? cut Wi). Let 
(ppt )yaabe wa copy of aspoint «=p of wt ies) (ONE Golbks M) The neighbor- 
hoods of (p,i) are half neighborhoods in ie of p with appropriate 
substitutions of points q of wt by points) of) the sormes(qye je 
Mane (ped. Jay tOeycp 0) « Or Gos 1) ed 1 cn? cut M) 4 so that the 
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by defining it to be the identity mapping on rete’. Then (n? cut vo) 
Cc 
is seen to be homeomorphic to cn? cut Mie which shows that 


2 ; ; : 
(N° cut M’) is well defined up to the notion of homeomorphism. 


Lemma 6.7 Suppose that there is some finite set Wc aN? Saicogativa t 
N -W is an analytic manifold. Suppose, also, that ut Ismay circ le 
: 2 il /s i Loe: 
Onsanearc ine N such that |) Mi nf oNe = 0M... “and such that) “Meyuis an 
; , : 2 
analytic manifold in N except at a finite number of points. Then 
bneresexis tousomest i nite sets Wisc 3 (N° cut wy such that cn? cut ey 
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has an analytic structure compatible with the structure on No-(M u W). 


Be Let F be the set of points of ve where ie fails to be 
an analytic manifold. Let G be the set of points which are copies in 
an cut va) of points of F together with the copies of the boundary 
points of ul (if any). Now define V = (w-mty UG. 


The set nN? - eo U W) is contained in cn? cut ve 


)-V, 

; 2 , 
and has an analytic structure as an open subset of N -W. Consider any 
K€ wt which is not in aut or in F. Then because ut Lsean analytic 
submanifold of Ne at x, the one sided neighborhoods at x are 

pl ines 2 

analytically homeomorphic to neighborhoods of the origin in WH. Thus 
these analytic homeomorphisms, considered as one sided charts, define 


: : ee # 
an analytic structure at the copies of points of M in 


cn? cut iow U 
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Suppose ACN. If the context is clear, for convenience the 
set a ta) in cn? cut wt) will be denoted simply as A. Ina 
simi larecashion sf 8 Bac cn? cut mt), Q(B) will be denoted by B. 
ineaddition.,@iter. sis a function on Nae thenget “980,93 defined#on 
cn? cut uty will be denoted by f. If f is a function on 


2 1 - 
(Nee cut. “Majer candme feeu0 : Ista wel ledefinedifunction, thene1t. toos 


will be denoted by f. 


2 
Lemma 6.8 Let M be a surface without boundary, and let C bea 


; : 2 
circle in M. Then the Euler characteristic “are cut C) = aie. 


Pia @by Prop. Sec, simpitcial complexess Ke and) Leecan: beschosen 
such that |K| = |L| = m2, and K is a subcomplex of L. 
Let n, be the number of i-dimensional simplices in lL. 
Then ae; = Ny7n,*n,- ise m; is the number of i-dimensional 


simplices in K, then x(C) OeMe Thestrtaneculationsormec 


induces a triangulation of 3 (Mo cut C) by means of the inverse of 
co -1 R 
the quotient map Q N Ties) @is -ausimplexsore= Keer thene Umea (Ss) eels 
2 
the disjoint union of two simplices. Therefore, xy (Mescut> = C) t= 
2 
+ = + + aay (Me). uno le 
(n5 mM) (n, m,) n, x (MM) 
, 2 Z 
Lemma 6.9 Let C be a circle embedded in T OG eee teeter does 
not disconnect rT’, then (17 cut oC) Bis> aneannulLus et ee ceedocsmnoL 
, 2 
disconnect Pas then (Pp? cut  .C)M@eis a,disc. Sine Ge cdisconnectsaels, 


then (17 cut C) is the union of a disc and a torus with a hole. EE 


C disconnects pa then (p* cut C) is the union of a disc and a 


Moebius band. 
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2 
ise From Lemma 6.8, X(T” cut C) = X(T) =a) se DieiCnedoesanot 


dis connectHelTes«,then (17 cut C) is a surface with boundary, which 

can be described by means of a plan Bs Gage where p is the number 
245 

of annuli, q is the number of Moebius bands, and r is the number 

of handles connected to form (1? Cut iC) Gaby sorop eon lee eeen itera 

Surctacess 5.) Of p) an aces has characteristic  x(S) = l-p-q-2r. 


2 
(Weret ore (Ie scuts C) “must be ote plan Or 


50,1,0 e020: These 
are, respectively, an annulus and a Moebius band. But (17 CulaeG) 
must be orientable because Tc is orientable, and therefore it must 
be an annulus. 

If C does not disconnect P', then (p? CUE §C) asealso 
a surface and 7 (Pa eut C¢) = (eo) =. selineneur (ee cub eC) anlas 
plan Be eh ae it follows that p=q#=r#= 0. Therefore Ce CUtmeC) 
is a disc. 

ipa Comedkc Connects r, then (1° Cute Cy must be the union 
of two surfaces. The characteristics of each cannot be 0O because in 
that case, both surfaces would be annuli. However, the boundary of 
each must be a circle. Therefore the characteristics must be -l and 
1. It follows that one surface is a disc and the other is of plan 


oe € But the only one of these that 


Le “Wyae | Aer Ope’ 


is orientable and that possesses a single boundary component is Co 0.1? 
a 3 


aeecorus with a hole. 


2 ; 
Pina Diy iteeeC mC 1S COnneCLS mm iam, then the only possible plans 
for the two surfaces are =0,0,0 and alse because both surfaces 
must have a single boundary component. Therefore, one surface is a 


disc, and the other is a Moebius band. JU 
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Theorem 6.10 There exist precisely two topologically distinct real 


w 
valued, monotone, C functions on Saf 


Pf. One such class of functions is clearly the class of constant 

functions. 

Assume that f is a nonconstant, monotone, real valued, 
eee function on —, Also assume, without loss of generality, that f 
maps 5? ontow (—Iyliije Thentas in#Propaioes. faa) must be a 
cirelepror every %.y e(-1;1),. "By Propositions 682 andsa4:6, ££" is 
trivial on Fea) 

Suppose j is another such function that maps 5? onto 
{[-1,1]. Then j must be trivial on rceakcy Therefore there 
must exist homeomorphisms a: fence 1D > fr aC GRO) and 


esece ly, It -a(- 1A eetco that 


tee ale) Sf eso oh plat dsl) 


(CRO ae Ce) 


B 
commutes. We extend a and 8 by defining 8(1) = lim B(x), 
xerll 

-1 _-l -1 1 

Pro imenlimec (x) aend ctl w( 1) lee Gls Oi 1 ee teed) 
x>-1 
Then 
52 a 32 


commutes. LU 
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Theorem 6.11 There are exactly four topologically distinct montone, 


Ww 
real valued, C functions on the projective plane. 


Ree It is clear that the constant functions form one of these 


categories. 

Suppose the inverse image of every value of f, a real 
valued, monotone, c* function on po iSeeLenersagcircleso tea pointe 
Pheveton allury ser (Ond), Fea) is a circle which bounds in we 
Dye roposttionsyo.2.and 4.6, )-£ 1S trivial on 2 te Te 
f£ (0) and ree were both points then pe would be homeomorphic 
LO Soe, witch cannot be. #iheretoresassume that (1) 1SGwas circle. 
By Lemma 6.9, (Pp? cut ey is a disc. Lemmas 6.1 and 6.7 imply 

2 


thot Ce cut FSC is analytic except at a finite number of 


points on the boundary. 


Suppose j: Po > [0,1] has the properties mentioned above 


Foc: [nen (p? cut a eb ts taleO.a discutia telsmana ly tlcmexcepe 
at a finite number of points on the boundary. In 3 (Pe cut race 
there are two copies of every point of ew oeby. and similarly in 

3(P- cut Fae Ch) there are two copies of every point of REECE 


= =k 
Thus Q,! Male neers woe 


(1) and Oe 3(P* cut aby == Peony. 
the quotient mappings, are two-fold coverings of aly and aa) 
respectively, and copies of points in fal) and ja) are the 
fibers. Choose a bundle isomorphism (4,Y), oe ab) aa LCG 

tala, ee 3 (Po cut cae) = 3(P- cut jie By Lemma 6.4, yY can be 
extended to a homeomorphism on all of 3(P- cut fact) so that 


there is some homeomorphism 8: R > MR making 
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y) fad 
Piorsties Mate pees Gx) spe a 


j 
R > 
B IR 
commute. Extend a by defining it to be equalsto sy son De at). 


Then 


RG re 


commutes. An example of this type of function is given in P2 of the 
Appendix. 


Suppose that there is one y ¢« [0,1] such that aac is 


HOt amcirclesormanpoints Lf ¢ +0) contained two distinct circles, 


Cy eyoyel (C 


a circle in (p? cut C,) or an arc with ends attached to 3 (Po cut C,). 


> then (Pp? cut C,) would be a disc, and C, would be 
-1 : ee ear 
Thus f (0) would disconnect P into two components, contradicting 
Prop. Z2.1ss0Therefore amc musitebesancitelesorea Point. sim Lanly, 
eC) Hust beea cirelesoraaspoint.« SoOmeyece os... bet Cy and C., 
be two circles, meeting at a finite number of points, such that 
= : 2 
Con GA 2a tT (ie At least one of them does not bound in P™ because 
Pete h nts Suppose this is C Then (Pp? Cut, U.) 
= tec y ) as two components. pp 1 4 
-1 
is a disc, by Lemma 6.9. Clearly there can only be one arc of f (y) 
oho Tbels (P- Cut C1) in order to disconnect it into exactly two components. 
-1 


This means that Cy U C, = f “(y). There are two possibilities. 


Cr) eet (p? cut C,)> Cy is an arc attached at each end to (C). 
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These end points must be in the same fiber of Qe because C., aoea 


A A 2 , 
Cr le cm ieee sine thispcagos: C does not bound in ae 


2 An example 


is given in P3 of the Appendix. 


os 2 
Cre in a (Peecut Ci), C, is a circle that is attached to Cy 


atone point. inv this case, C. bounds in pos An example is given 


in P4 of the Appendix. 
Suppose, in case (i), that j is another function with the 
properties described above for f. Let the preimage of some value of 


j be the union of two circles Cy and Cy such that neither Ci 


nor Cy bounds in pe. Let aC. meet Ge an (p? Cue wc) -atepoints 


be 


Z 1 


aeeand eb. andwlet Cy meet Cy in (ea cut C)) atepoints a. 


nde en 4 and b> . preak —C into two arcs, M and N, meet-— 


ut 


Ingeateea and fo. o1milarly Ch 1s Droken intorarces sande. \ ee 


Choose a bundle isomorphism (a,y), a: Ca GC. a: 5 (Po cut C,) 


5 (Po cut C)) such that y(a) = a‘ and y(b) = b'. Because C, 


2 
and Cy are arcs in (Pp? cut C,) and (P) cut Ci)» y can be 


extended to a homeomorphism from C., to Ci. The sets, Mu Cos Nu GC 


# 


M' uC. and N' uC! enclose discs, and so by Lemmas 6.1, 6.7 and 


2 2 


2 
6.4, YY can be extended to a homeomorphism from (P™ cut C,) to 
(p* cut C)) such that there exists a homeomorphism See A Se AN 


making 


genet ae ee 


commute. Extending a as before 
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commutes. 


In case (ii), the procedure is similar except that C, and 
; : 2 
Cy are circles in (P%> cut C,) and (p? cut Cy) respectively. 
The bundle isomorphism (a,y) is defined on 3(P2 cut C,) as before. 


If D and D' are the two discs enclosed by C Andis Came in 


2 2 
2 2 , 2 
CPascut C,) andae(P cut C)) respectively, then (P cut C,) - Int D 
and (p? cut C,) - Int D' are discs with two points on their boundaries 


identified. Let dD, and Di be these two discs and let d,e and 


d= © be the points which are identified by quotient maps. =p "and 
q. The mapping ae o y e p is a homeomorphism from the arc 
Dae) = {d,e} to-the-arc a> (ct) —$1{d'e'}). Extending this toa 


2 
homeomorphism h: 3D, > 3D) defines a homeomorphism Se GY ellie C,) 


U C., to (p? cut Ci) U C,. We extend h to a homeomorphism 


ne Dy = Dy such that a homeomorphism Sp Ge °p) (D,) =a a °q) (Dj) 


exists making 


€ sory == Gavia 


commute (Lemma 6.4). If y is defined to be equal to h on 
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(P7F cut C,)-D, then 
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ws 
CO eut C,)-Int — (p? cut C))-Int Da 


2 
£[(P° cut ¢,)-Int D] —s+ j[(P? cut c!)-Int D'] 


commutes. The mapping y can then be extended to Int D so that Bg 


has an extension to a homeomorphism on all of R making 


(p2 cut C,) —— (p? cut C)) 


ees I 


commute. Then y defines an extension of a as in case (i) so that 


commutes. O 


W ’ y) 
Lemma 6.12 LG iF Ie AL inone@meiczme  (€ ieeigQyeiealOim were “IL ie) IRR, 
-l p : ‘ 
Then there exists a y € £(T*) Such that at 2 e(y). iseneltherea point 


ikone fl @alse@llfs- 


inee Suppose this were not so. Without loss of generality, let 
eal t , 
£ (T°) BapOelpemetienstor ali ty € (0,1) sete) eal omaecl Goede Eby 
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a circle. By Lemma 6.9, (1? cut Seay is an annulus. Thus 

hi (1? Cue fi) + [0,1] has the property that ay) = 3(T° cut 

mec) has two components. By Lemma 4.3 (a), for all ec > 0, there 
exictseas Oo -s0m such that forall x 6 (1° cut 2 Ge abe 

£(x) e« (1-6, 1], them the distance between x and 3 (T° cut eo aby 
is less than ce. If e is chosen less than half the distance between 
the two components of 3 (T° Cut aby the sets (HEN, where 


y € (1-6, 1) will be disconnected, which is a contradiction. OQ 


Theorem 6.13 There are at most nine topologically distinct monotone, 


W ; 
real valued, C PunectLons oOneae torus. 


IRIE One class of functions that can be stated occurs when 


w : ‘ 
1. The monotone C real valued function is constant. 


Henceforth, only the nonconstant functiom will be considered. 
Let f£ be such a function on r. Assume without loss of generality 
that £ (T°) = [0,1]. Then by Lemmas 6.11 and 3.9, there exists a 
Vacs Oli wsuem that (ae) is the finite connected union of two or 
more circles, connected at a finite number of points. Because 
T=feoGy) has one or two components, it follows that there is a circle 
cc aC) such that T-c is connected. So by Lemma 6.9, 


; -1 
(1° cut C) is an annulus. Let the remaining circles of f (y) be 


denoted by C 


' 2 
Cos Ash Ci. Thena iu) sGlecutLameG). C, U C, Ue eta Ch 


‘lis 
becomes a union of arcs, circles and discrete points on the boundary 
of (r? cut C). These discrete points are copies Of POLO LS Ole arcs 


and circles that touch the boundary. Because they play no role in the 


subsequent analysis, these discrete points can be ignored. They are 
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determined totally by the placement of the arcs and circles. 
supposeim=y!=s0@ror Ty s8isitcavan Weal anveot Ci» Pp 2 Cc. 
: : i 2 -l 
weresetrclestin® (Tl @ecut: 1c), thenteTs=fee(1) wouldthavesat least 
two components. This is not the case, and therefore the arcs and circles 


C 


wore Cc. reduce to thercasetofta singlesarcy says GC attached 


1? 
at each end to a different component of 3 (T° CUEm IC) am inaothecawords. 
aa) ==CrU Cy» and ((T* cutee C)* cut C,) is a disc, by Lemma 5.9. 
So f£ must be equivalent to the function g of Prop. 6.3. Note that 
in (1? Cue (CF Cy must be an arc attached at each end to points which 
are copies of each other. If this were not the case, then in r, 
a1) would have points at which an odd number of branches of et(1) 
would meet. It may be concluded that ‘aD is the point union of 
two circles in r, neither of which disconnects Tr, 

The proof that these properties characterize f topologically 
proceeds in much the fashion of the case for Pa represented by 
example P2 of the Appendix. Label points as in diagram 6.A.2. If j 
is another such function with corresponding circles C', Ci» and 
points “a',°°b'5 ic! Sandied', “then avhomeomorphism jy: 3((T* cut C) 
cut C1) > 3((T Cuc.G, arcut Cj) is chosen so that yee =a". 
¥(b) = b', y(c) = c' and y(d) = d’, and so that y carries copies 
of points to copies of points. The proof then follows as before. 

The remaining examples occur when any point y, such that 
f(y) is not a circle or a point, is not an extreme valueyoter i 
Assume £(T*) = [0,1] and that y <« (0,1). In this case, the arcs 
Ci> oeeiets C. must disconnect (17 cut C) into two components. Sup- 
pose that none of these arcs and circles is attached to both boundary 


2 
components. Then the closure of one component ofee Te (Cau teat iba fae 
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must be an annulus, and f is monotone and analytic on the interior 

of this annulus. Moreover, f£ attains one value precisely on its 

boundary. As in Lemma 6.12, this cannot be. Therefore there is an 

arc, L, which is attached at each end to a different component of 

3 (T° cut C). Thus it follows that ((r* Cube Cj cuts Lie isearcicc. 
There are two ways that L can be attached to 3 (T° CUCM IC): 

In the first case, the end points of L are copies of each other. 


This is shown in diagram 6.A.1. In order for eo 


(y) to have 
exactly two components, eC) must be 3((T" cut C) cut L) together 
Withean arc, or aicircle Min ((T? cut C) cut L) attached to 

3( (T° eutl. C)) cut L)- To ensire that in r, aa) has an even 
number of branches meeting at each point, M in ((T? Cut ee Cuban) 
must be attached at each end to the points a,b, ec and dor at 
neither end. In this context, a circle may be considered an arc with 
both ends joined. Diagram 6.A.3 lists the distinct ways this attach- 
ment can be done. 

The-other possibility for L is that) its end: points aremnot 
copies of each other as shown in diagram 6.B.2, where e is the copy 
eps El taka (17 relia) (Nim gehavel Gs Alay (eveyone (ops (el ale) (1? cut C). Once 
again, the remaining portion of a) aside from )C Sandee Ly must 
Demanvarc or a circle in (1° cut C). However, because aD has 
an even number of branches at each point, this portion must be an arc, 


M, joined at one end to either a, c or e, and at the other end 


to b, d or k. Diagram 6.B.3 lists the distinct ways this can be 


The proof of topological equivalence in all these cases 


parallels the others. Cases in which M is an arc are handled as in 
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46 
case (i) for the projective plane. Cases in which M is a circle are 
handled in the fashion of case (ii) for the projective plane. 

Finally, it can be seen from the level curves that cases VI 
and VI', cases VIII and VIII', and the cases IX and IX' are 
topologically equivalent. 

Examples of these functions are listed in the Appendix in 


the order presented here. O 
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CHAPTER VII 


POSSIBLE EXTENSIONS 


The classification of real valued monotone analytic functions 
- p- and rT raises the question of whether similar techniques 
will enable these functions to be classified on arbitrary surfaces with- 
out boundary. Because every such surface can be characterized as either 
a sphere, a connected sum of projective planes or a connected sum of 
tori, the general classification on surfaces becomes a natural problem. 

Another problem that arises is the classification of monotone 

analytic functions on surfaces where the functions take values in the 
circle, oe Of course, this problem will only be distinct from the 
real valued classification problem when the functions studied map onto 


a One result can be stated immediately. 


A W ; ; 2 
Propene/ o There exist no monotone C functions on either 5S spe tS 


Za "ict 
which map onto ane Any such function on T ASeeCrLyia.l 


2 
Pie Suppose f is a monotone Cc” function from S$ onto 5S 


-1 : : 
Then there exists some xX € st such that f£ (x) is a circle. However, 


es cannot disconnect 5? Dy Eropwe2sles nis econtradLectsserop ao... 
a) é 2 ut 
Lt £ is a monotone C Un Ciel On mO Damme Cage S then there 


- 2 -l 
exists-an. x < st such that f a) igeacircile. me Lerner ercCt tatemiacy) 


is a disc, contradicting Prop. 5.2. 


Z i 
Tf) {Vis a monotone Cc” function on T ON LOMO CeCe 


for every xX € sa £ +(x) isuelthersa) polntweor ancl rCle meror sn. 


a(x) were the connected union of two circles C,; Cy then 
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((r? cut C,) cut C.) wouldibevardisc, ‘contradicting Prop. 5.2. 
However, the inverse image of every point must be a circle. 
If this were not the case, and ES were a point, then by 
Lemma 4.3 (a), there would be some x close to y such that rae) 
would be a circle disconnecting r (because it could have arbitrarily 
small diameter). This is a contradiction. The complete regularity 
of £ follows from Prop. 6.2 applied to Teo. where I is any 
closed arc of a Kim [10] shows that f must be trivial. O 
The techniques developed in this thesis are not sufficient 
for higher dimensional classification theorems. The primary difficulty 
in higher dimensions is that compact connected manifolds have not yet 
been classified in dimensions greater than two. The Schoneflies 
Theorem cannot be generalized in its full strength to dimension 
three. It must be modified to include local flatness before it will 
hold in higher dimensions. See, for example, Rushing [17]. The notion 
of O-regularity can be generalized to the notion of n-regularity. 


Theorems relating n-regularity and complete regularity exist for 
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APPENDIX 


EXAMPLES OF MONOTONE MAPPINGS ON 57 Cae Tr 


8) 


Sl, Pl, Tl. Let X be a compact connected topological space, and c 


apcealsnumber sme Detine sf :aX > Ribya ft (X)ecec. 


SZ Derinel  f: 5? Reb Yee cx 69.2 acs 


Boe Leti ts p? > R be the function induced by the quotient map 


Gis 5? == pe and the function g: a > IR defined by g(x,y,z) = . 


Pree cyt pe + IR be induced as above from g(x,y,z) = xz. 


2 2 2 2 
Pome OCueri pe oainw besinduced  byye ¢ (x.ynz) = kee tev eue— ze) zee) ee 


4 
T2. Parameterize T as (8,6), where (8,6) corresponds to 


2 : 
(cos 8, sin 9, cos 9, sin 9) € R’. Let f£: T + IR be defined by 
Peon e)e=9C! sin. o) (let sind). 


Tone Derines jt: 7 > IRBIDyeE (0.6), = COs, 0( ls teSineo). 


Tan Detine sf: r dks s.bY. 
Q ee Pag 2 Su) ey me a A 
eMC) ee sin’ (3) sin ® [sin Ca Q rept Gas) = CHG) 
for e¢>O0O sufficiently small. 


Toe vetine,  £: T° ele y: 
2 ore eo 26h 43 
£(8,¢) = sin’) sin (2) {sin Cn) = [singe - sin (¢ 4 Sin 


for e¢ >0O sufficiently small. 
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ie 


£(8,6) = [sin” (3) - sin’ ($) cos ikea g. 


r oro Ramey 


No function found. 


No function found. 
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